ON SECOND VARIATION OF WANG-YAU 
QUASI-LOCAL ENERGY 



PENGZI MIAO AND LUEN-FAI TAM^ 

Abstract. We study a functional on the boundary of a com- 
pact Riemannian 3-manifold of nonnegative scalar curvature. The 
functional arises as the second variation of the Wang-Yau quasi- 
local energy in general relativity. We prove that the functional 
is positive definite on large coordinate spheres, and more general 
on nearly round surfaces including large constant mean curvature 
spheres in asymptotically flat 3-manifolds with positive mass; it is 
also positive definite on small geodesies spheres, whose centers do 
not have vanishing curvature, in Riemannian 3-manifolds of non- 
negative scalar curvature. We also give examples of functions H, 
which can be made arbitrarily close to 2, on the standard 2-sphere 
(§^,(To) such that the triple {S'^,ao,H) has positive Brown- York 
mass while the associated functional is negative somewhere. 



1. Introduction 

In [ini [H], Wang and Yau introduced a new quasilocal mass. Briefly 
speaking, its definition is as follows. Let S be a closed 2-surface, in 
a spacetime satisfying the dominant energy condition, such that 
S bounds a compact, spacelike hypersurface fl. Denote the induced 
Riemannian metric on S by 7. Given a function r on S such that 
7 = 7-|-(ir®(ir is a metric of positive Gaussian curvature, one considers 
the isometric embedding 

X : (S,7) ^ M^,! 

where X = {X, r) and X = {Xi,X2, ^3) is an isometric embedding of 
(S,7) in = {{x,0) G M^'^}. Associated with each such a function r 
or equivalently each such an isometric embedding X, Wang and Yau 
introduced a quantity, which we denote by E^^iT,, r), called the quasi- 
local energy of S in iV with respect to r. The Wang-Yau quasi-local 
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mass of S in iV is then defined by 



(1.1) 



^wri^) = inf ^^yy(S,r) 



where the infimum is taken over all admissible functions r (see [TT] for 
an exact formula of i?^^.y(S,r) and the definition of admissibility). It 
was proved in [H] that m,^y(E) > and mj^-y(S) = if the embedding 
E iV is isometric to M^'^ along S. 

When S bounds a time-symmetric Q and 7 has positive Gaussian 
curvature, there is a well-known Brown- York quasi-local mass of S 



where Hq is the mean curvature of the isometric embedding of (^,7) 
m and H is the mean curvature of S in f2. In this situation, one has 
mgy(S,n) = E^y(J2,To), where tq = is an admissible function and 
is also a critical point of E^y{T,, ■) ([H]). The variational definition of 
trij^y (S) suggests m^^.y (S) < 0X^^(2, ^2). A natural question is whether 
m^y(S) = m^y(S,fi). (Results regarding the global minimization of 
i?^y(S, ■) recently have been announced in [3]-) 

In this paper, we consider the local minimality of m^^ (S, Q). A main 
corollary of our result for surfaces in an asymptotically flat manifold 
is: 

Theorem 1.1. Let {M,g) be an asymptotically flat S-manifold. Let 
Sr = {x & M \ \z\ = r} be a coordinate sphere in an admissible 
coordinate chart {zi} on a given end. Suppose the ADM mass of the 
end is positive. For sufficiently large r, the Brown- York mass of Sr is 
a strict local minimum of E^^i^ri ■)■ 

We will prove Theorem 11.11 by proving Theorem 14.11 in Section H] for 
a larger class of "large surfaces", namely nearly round surfaces near 
the infinity which were introduced in [5]. As mentioned in [9], besides 
large coordinate spheres, notable examples of nearly round surfaces in 
an asymptotically fiat 3-manifold include the constant mean curvature 
surfaces constructed in [5] and jT2] . 

For small geodesic spheres in a manifold of nonnegative scalar cur- 
vature, we have: 

Theorem 1.2. Let {M,g) be a Riemannian 3-manifold of nonnegative 
scalar curvature. Let p & M be a point. For r > 0, let Sr be the 
geodesic sphere of radius r centered at p and Br be the corresponding 



mm given by 



(1.2) 
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limr ^11X^^(5,., 5,.) > 0, 



then m^y (5*^, -Br) is a strict local minimum o/ ii^^^y (5*^, r) for r > 
sufficiently small. 

We note that condition fll.3l) in Theorem 11.21 is equivalent to 

(i) R{p) > 0, or 

(ii) R{p) = and |Ric(p)p > 0, or 

(iii) R{p) = 0, |Ric(p)| = 0, and {AR){p) > 

which follows from the asymptotic expansion of m^y (5^, Br) in [4J and 
the assumption R > 0. Here R, Ric denote the scalar curvature, the 
Ricci curvature of g. 

For mgy(S,fi) = i?j^,y(S,ro) to locally minimizes E^yiT,,-), the 
second variation of E^y{T,,-) at tq is necessarily nonnegative. We 
recall the following result from [6j. 

Theorem 1.3 ([6J). Suppose mgy(S,fi) is defined for a 2-surface S 
bounding a time- symmetric hypersurface Q in a spacetime N. The 
second variation of E^yiT,, ■) at tq = (up to multiplication by -g-) is 



L -n J 

where IIq is the second fundamental form o/(S,7) when it is isomet- 
rically embedded in R'^. // there exists a constant /3 > such that 



then m^y(S,i7) is a strict local minimum of E^y{Tj, ■). 

Therefore, to obtain the local minimality of m^y(S,fi), it suffices 
to study the functional F^^niv)- The induced metric and the mean 
curvature function on the surfaces {Sr} in Theorems ll.ll and ll.2l (after 
rescaling) are close to the standard metric o"o on the unit sphere §^ 
and the constant 2 respectively. Thus, one may ask whether Fj^h{v) 
satisfies (11. 5p if the pair (7, -ff) is sufficiently close to (cto,2). 

Our first task in this paper is to derive some sufficient conditions 
on such a pair (7, H) so that (II. 5p is true. Applying these sufficient 
conditions, we can prove Theorem 14. H and part of Theorem 11.21 which 
corresponds to cases (i) and (iii) above. 

The other part of Theorem 11.21 which corresponds to case (ii), turns 
out to be more subtle. We will prove it using more refined estimation 
on (S^,cTo) (see Theorem 15.21 and Proposition 15. ip . Motivated by our 



(1.4) 




(1.5) 
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proof of this part of Theorem 11.21 we also construct examples to show 
that on (§^,cro), there are functions H which can be arbitrarily close 
to 2, but F^^ niv) < for some rj. 

We remark that the general validity of (11. 5p is of significance in 
the study of boundary behaviors of compact manifolds of nonnegative 
scalar curvature. If (II. 5p is always true, it will impose a necessary con- 
dition for a positive function on S to arise as the mean curvature of 
S in some compact Riemannian 3-manifold of nonnegative scalar cur- 
vature, bounded by (S,7). So far, a major known necessary condition 
is J^{Hq — H)dv^ > by the result of |S]. It is worth to note that 
our examples of H above, with F^Q^Hiji) < some r], also satis- 
fies /g2(2 — H)dVrjQ > 0. Thus, if the Brown- York mass always locally 
minimizes the Wang-Yau quasi-local energy in the time-symmetric sit- 
uation, then (II. 5p will constitute a new necessary condition. 

This paper is organized as follows. In Section [21 we collect some 
lemmas which are to be used frequently in later sections. In Section [3l 
we obtain sufficient conditions for (II. 5p to hold. In Section HI we apply 
the derived sufficient conditions to prove Theorem 14.11 which implies 
Theorem 11.11 In Section we establish the positivity of F^^h on small 
geodesic spheres in Theorem 15.11 which implies Theorem 11.21 There 
whether the scalar curvature vanishes at the center of a geodesic sphere 
makes an important difference in the proof. A main result related to the 
case of vanishing scalar curvature at the sphere center is Theorem 15. 2| 
which we prove using a functional inequality on the standard sphere 
(§^,cro) (Proposition 15. Ip which may have independent interest. In 
Section [6], we give examples of H on the standard unit sphere so that 
Fao,H{ji) < for some rj while /g2(2 — H)dVao > 0- Appendix, 
we list some elementary computational results, which are needed in 
Section [5l 



Throughout this paper, S always denotes a closed 2-surface that is 
diffeomorphic to a 2-sphere. Given a metric 7 of positive Gaussian 
curvature and a positive function H on E, we let 



for any r] G 14^^'^ (S). Here A and V denote the Laplacian and the 
gradient on (^,7), Hq and IIq are the mean curvature and the second 
fundamental form of (^,7) when it is isometrically embedded in M^, 
and dv^ is the volume form on (^,7). We also denote the symmetric 



2. Preliminaries 



(2.1) 
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bilinear form associated to h Q-y h- Namely 
(2.2) 



All metrics on S below will be assumed to be smooth for simplicity. 
We recall some basic results from [6]. 

Lemma 2.1. Let be a metric of positive Gaussian curvature on S. 
Let X = {Xi, X2, X^) : (^,7) — )■ be an isometric embedding of 
(S,7) m M^. The functional 



-no(Vr/,Vr/) 



dv^ 



Ho 

satisfies: 

(i) F^,Ho{v)>0,Wr]eW^'\E) . 

(ii) F^^Hoiv) = ^/ (^"iT-d only if r) E C.{pf), where 
£(7) = < oo + OjX* I ao, ai, 02, as are arbitrary constants 

(iii) Ifr^ e C{-f), then Q.MvA) = 0, V G W^^\^). 

Remark 2.1. (i) and (ii) are proved in |6l Corollary 3.1]. (iii) is a direct 
consequence of (i) and (ii) by considering the first variation of F^^Hq- 

Remark 2.2. Since any two isometric embeddings of (^,7) differ by a 
rigid motion in M^, the space £(7) defined above is independent on the 
choice of X. 

Lemma [2.11 shows F^^h{-) vanishes on £(7) when H = Hq. For an 
arbitrary H , we have the following from (3.12) in [G] Proposition 3.2]. 

Lemma 2.2. Suppose H > 0. For any rj = aQ + Xli=i ^ ^{l)> 



Jt. Jy, 



{Ho - H) 



2 



z/q) — dv, 



where a = (oi, 02, a^) and z/q is the unit outward normal to (S, 7) when 
it is isometrically embedded in M.^. 



If jj.{Ho — H)dv^ > 0, then Lemma [2.21 implies 
F^^niv) > (3 j^i^vfdv^ 



for some /3 > for all 77 G £(7). 

Next we estimate F^^Hoiv) fo^ V that are 7-L^ orthogonal to £(7). 
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Lemma 2.3. Let a be a metric of positive Gaussian curvature on S. 
There exist positive constants 6 and /3 such that if •j is a metric on S 
satisfying ||7 — cr| |c2,<:'(s,o-) < ^5 then 



for all rj G H^^'^(S) that is orthogonal to Here denotes 

the Laplacian on (^,7). 

Proof. We argue by contradiction. Suppose it is not true, then there 
exists a sequence of metrics {7^} on S and a sequence of functions 
{r]k} C W^^^iT,) such that 

(2.3) hm ||7fc - (T||c2,<:-(s,a) = 0, 

fc->oo 



(2.4) / r,k(j) dv^, = 0, V0 G £(7^), A; = 1, 2, 3, 

and 



7fc 

S 



(2.5) 



Here Hq is the Hq associated to 7^ and stands for A^^ . We normahze 
rjk such that 



(2.6) l^rjldv,^ = l. 



Let X : (S,cr) — )■ be an isometric embedding of (S,o"). By (12.31) 
and the resuh of Nirenberg [71 p. 353], for each large k, there exists an 
isometric embedding X'^ of (E, 7^) in such that 

(2.7) I IX'' - X| |c2,Q(s,a) < C\ |7fc - a\\c2,c^{E,a) 

where C is some constant depending only on a. Let Ilg, IIo be the 
second fundamental form of X'^(S), X(S) respectively. (12.71) implies 
that IIq and IIq (viewed as (0, 2) tensor fields on E through the puUback 
by X'' and X) satisfy 

(2.8) lim |K-IIo||co.^(E,<x) =0. 

Consequently, {-f^o } converges to Hq uniformly on S, where Hq is the 
mean curvature of X(S). 
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It follows from (12 .Sp - (I2.6p . f l2.8p . the interpolation inequality for 
Sobolev spaces and the L^-estimates that 

(2.9) 



< 1 / {^.v.f 

where Vfc is the gradient on (£,7^). Here and below, {Ci} always 
denote positive constants that are independent on k. Now (I2.9p shows 



(2.10) / (A,,%)^ dv,, < G 



'2, 



which combined with (12. 3p . (12. 6p and the L^-estimates implies 

(2.11) ||r7fc||vi/2,2(2,7fe) < C3. 

By (12. 3p . this in turn shows | |?7a:| 1 1^2,2(2,0-) < C4. Hence 3 77 G ly^'^(S) 
such that, passing to a subsequence, {rjk} converges to r] weakly in 
W^^^{E,a) and strong in W^^^{J:,a). By dMD - (E3D and O - (EZD, 
T] is (T-L^ orthogonal to jC{a) with r^^dwo- = 1. 
We claim 

(2.12) F^,hM = f - IIo(Vr/, Vv) dv, < 0. 

JS -no 

If this is true, then we have a contradiction by Lemma 12. 1[ 

To prove (12.121) . we apply Lemma [271] to obtain F^^^^k{rjk — t]) > 0. 
By (O, ([23]) ([22D, dlS]) and f l210|) . we have 
C 

^^•^^^ >2Q,„H„^(r7.,r/)-F^^,^.(r/) 

= '^Qf,Ho{Vk,v) - F^,Ho{v) + 0(1) 

as — )■ 00. Using the fact that rjk converge to t] weakly in ly^'^(S) and 
strongly in Vr^'^(S), we conclude from (I2.13P that 

which verifies (12.120 . The Lemma is proved. □ 

Often we need estimates of |V?7p(if^ by fj.{Ari)'^dv^ which depend 
explicitly on the metric 7. This can be given in terms of eigenvalues of 
(S,7). 
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Lemma 2.4. Let {M,g) be a compact Riemannian manifold without 
boundary. Let be the space of eigenfunctions with the k-th nonzero 
eigenvalue fik of {M,g). Let Eq be the space of constant functions. 
Suppose G W^''^{M) is g-L"^ orthogonal to Eq, Ei, . . . , E^-i, then 

/ifc / \V(l)\^dvg < [ (A^fdvg. 
Jm Jm 

In particular, 

/xi [ \V(^\^dvg < [ {A(f)fdvg, V G W^'\M). 
Jm Jm 

Proof. Since 

/ \V(P\^dVg = - [ 4>A4>dVg <( [ 4>^dVg] ^ ^ / {A^fdVg 

Jm Jt, \Jm J KJt, 

we have 

JM\^^\'d^9 ^ jMi^4>fd^^9 

from which the claim follows. □ 




3. Sufficient conditions for the positivity of F^^j^ 

In this section, we provide some sufficient conditions guaranteeing 
the positivity of F.y^H- Note that Lemma [2.31 implies 

inf _^W!^>o 

where Ci^-^)-^ is the space of functions that are -^-L"^ orthogonal to C{j). 

Proposition 3.1. Let'-y be a metric of positive Gaussian curvature on 
S. Let P be a positive constant such that 



(3.1) 



F^,Ho{v) >P I {Aiifdv^, V G £(7)- 
Jt. 



Suppose the first nonzero eigenvalue of (^,7) is at least A > 0. Then 
3 5 > 0, depending only on /3, A, Hq and a given constant a > 0, such 
that if H > a is a function on S satisfying 



/ {Ho - H) dv., > 
Jt. 



fv \Ho — Hl"^ dv^ 
(b) sup \{Ho -H)4<6 and -L— ^ < 6, 
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where {Hq - H)_ = mm{Ho - H, 0}, then F^^^niv) > i^v)^ dv^, V 

1] G W^'^iT,), where (3 > is a constant depending only on Hq and (3. 

Proof. Given any constant a > 0, let > a be a function on S 
satisfying (a) and (b) with 5 > to be chosen later. 

Let X = (Xi,X2,X3) be an isometric embedding of (S,7) in M^. 
Given any 77 G W^^'^(S), decompose rj = rji + rj2 where rji = Oq + 
Yl^i=i O'iXi G >C(7) and 772 £ ^{l)'^- Let a = (ai, 02, 03). If a = 0, then 

■(Ar/2)^ 



+ iVryar dv. 



(3.2) > p liA,.rd., - s (-1^ + i) liA,.rd., 

= 13-5 



1 

+ T 



{Aiqydv^ 



ainfsi^o ^, 

where we have used (13. ip and Lemma 12. 4[ 

Now suppose a 7^ 0, we may normalize a so that \a\ = 1. Then for 
any ei,e2 > 0, 

^ ^ ^ (Ar/)2 + (i7o-i^)|Vr^r 



+ 



H Ho 
1 1 

h'ITo 
1 1 

H~lh 



dVr, 



{AT^^f + {Ho-H)\Vr^r\ 



{Ar]2f + {Ho-H)\Vr]2 



dv-. 



dv... 



+ 2^ (^-^j Ar^i-Ar^2 + (^o-i^)(Vr/i,Vr/2) 

- j^{j^-jf^ {Ari^fdv, - ei jj^Ari^fdv^ 
-e^' [ (H - Hof\Vvi\^dv^-e2 [ \Vv2\^dv.y 
> (1 - ^a-^^ - e^^6) j {Ho - H)dv.y 



dv.. 
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where we have used Lemma 12.21 the fact (Ar^i)^ = {a,i'o)'^H^ and 
iVr^ip = 1 — (a, z/q)^. On the other hand, it follows from Lemma [2.11 
and (13. ip that 

Hence 

F^,h{v) > (1 - h^a'^S - e^^5) [ (Hq - H)dv^ 



+ 



{Ari2fdv. 



7- 



Let ei = A "'^€2 = f and choose 5 > such that 1 — (e^^ ^ + £2^)*^ — |; 



and5(— j^ + i <f,then 



]^dv^ 



Combining this with (13. 2p and the fact (Ar^i)^ < ifg, we conclude that 
the Proposition is true. □ 

In P, Theorem 3.1], it was proved that F^^h is positive definite if 
H < Hq and /^(-f^o ~ H)dv^ > 0. By arguments similar to the proof of 
Proposition 13.11 it can be shown that F^^h remains positive definite if 
H is allowed to be slightly bigger than Hq. First, we give a quantitative 
estimate of the case H < Hq. 

Lemma 3.1. Let 'y be a metric of positive Gaussian curvature on S. 
Let P > be a constant such that 

F,,hM > (3 J^iAr]fdv„ \/r]E £(7)^. 

Let X > be a lower bound for the first nonzero eigenvalue of (S,7). 
Given any positive function H onT, with H < Hq, let a > be a lower 
bound of H. Then 

F.Mvi+m) > . , J TT-T I {HQ-H)dv,+^ [ {Arj^Ydv, 

a ^ + A ^ sups -Ho + ^ ^ 

foranyrj2 G C{^)-^ andrji = ao+^^^^aiX^ G ^^(7) with a = (01,02,03) 
being a unit vector. 
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Proof. Similar to f l3.3p . using the fact Hq > H, we have for any constant 
< e < 1 that 



>(l-e 



s 

-1 



1 



-- — ]{^ViY + {H,-H)\Vti,\ 
1 



-- — )(Ar^2)' + (i^o-^)|Vr^2| 



> (1 - e) / (/Jo - H)dv^ + (1 - e"') a'' + A"' sup / (Ar/2)'rft;. 



Hence 



(3.4) 



+ 



/3 + (1 - e"^) ( + A"^ sup Ho 

s 



{Ar]2fdv, 



where we can choose < e < 1 such that 



/3 + (1 - e-') (^a-' + sup Hq^ = ^. 



The Lemma now follows from (13 .4^ . 



□ 



Proposition 3.2. Let be a metric of positive Gaussian curvature on 
S. Let P > be a constant such that 

F,,hM >(3 [ {Ar]fdv„ W r] e £(7)^. 

Let X > be a lower bound for the first nonzero eigenvalue of (^,7). 
Given a positive function H on S, let {Hq — H)^ = minji^o ~ H,0}. 
Let a > be any lower bound of H. Define ai = min{a, infs Hq}, 



9 



and 5 = 4 



^ + A-i sups Hq + ^ " " 4 infs -f^o ' A 

Suppose 

(i) 6 [{Ho- H) + 2 [{Ho- H)^ > 



-1 



(ii) sn^\{Ho-H)4<6, 



then F^^h{v) > / (Ar/)^rffs, V r/ G W^'^{i:), for some /3 > 0. 
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Proof. Suppose H satisfies (i) and (ii). Given t] G ly^'^(S), let r] = 
Vi + V2 and rji = aQ + Yl'i=i OjX* be given as in the proof of Proposition 
13. 1[ Let a = (ai, 02, 03). If a = 0, similar to (13.21) . we have 



(3.5) 



> 



P-6 



1 



ainfs-ffo 

Next, suppose a 7^ 0. We normalize a so that \a\ = 1. Define 

Hi = minjifo, H} and H2 = ma.x{Ho, H}. 

Then Hi + H2 = H + Ho, l/H^ + I/H2 = 1/H + I/Hq and Hq - H^ 
{Hq — H)_. By Lemma [3. H we have 

>e [{Ho- Hi)dv, + ^ I {^Tl2fdv, 

+ 2 / (i?o-i/)_(^ + |Vr^ip) dv. 



(3,6) 



H2H0 



+ |Vr/2 



> / (i/o - ^)t^^^7 + 2 [ {Ho- H)_ dv, 

(A?72)^c?'y7- 



9A 



1 



1 

+ V 



ainfs-ffo ^ 
Proposition 13.21 now follows from (13.51) and (13. 6p 



□ 



4. Nearly round surfaces in AF manifolds 

In this section, we apply Lemma 12.31 and Proposition 13.11 to study 
the positivity of F,^h on certain "large surfaces" near infinity in an 
asymptotically fiat 3-manifold, based on existing results in |11[9]. 

We adopt the following definition in |3] for an asymptotically fiat 
3-manifold and an admissible coordinate chart. 

Definition 4.1. A Riemannian S-manifold is called asymptotically flat 
(AF) of order r (with one end) if there is a compact set K such that 
M \ K is diffeomorphic to M'^ \ -Bfi(O), where BjiifS) is a coordinate 
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ball of radius R > centered at the origin, such that in the standard 
coordinates {zi} on the metric g satisfies 

(4.1) gij = 6ij + hij 
with 

(4.2) \h,j\ + \z\\dhij\ + \z\^\d^hij\ + \zf\d^hij\ = 0{\z\-^) 

for some constant r > i. Here \z\ and d denote the coordinate length 
of z and the usual partial derivative operator on respectively. 

A coordinate chart {zi} on M in which the metric g satisfies the 
above conditions (14. II) - (14.21) is called an admissible coordinate chart. 

Large coordinate spheres in an admissible coordinate chart are exam- 
ples of nearly round surfaces (see [0]). These surfaces are intrinsically 
defined as follows. 

Definition 4.2 ([9]). On an asymptotically flat 3-manifold {M,g) of 
order t > ^, let r{x) be the g-distance from x to a fixed point. A 
1 -parameter family of surfaces {E^}, where r = min^^ r(x) and is 
topologically a 2-sphere, is called nearly round as r tends to infinity if 

(1) |A| +r|vA| < Cr-^-^ 

(2) max^gE, r{x) < Cr 

(3) diam(E^) < Cr 

(4) Area(E^) < Cr^ . 

o 

Here A is the traceless part of the second fundamental form of Tjr; V 
and I ■ I denote the covariant derivative and the norm on with respect 
to the induced metric, diam(-) and Area(-) denote the diameter and the 
area of a surface, and C is a constant independent of r. 

As shown in ^ , other examples of nearly round surfaces include the 
constant mean curvature surfaces constructed in [5] and [12]. The main 
result in this section is 

Theorem 4.1. Let {M,g) be an asymptotically flat 3-manifold of order 
r > i. Let {Tij.} be a family of nearly round surfaces as r tends to 
infinity. Suppose the ADM mass of (M, g) is positive. Then there exist 
constants R> and C > such that 

I + (^0 - H)\W^\^ - no(Vr/, Wri) dvr > Cr j {Ar^fdvr, 

V G iy2'2(E,) and V r > R. 

As a result, the Brown-York mass ofJ^r is a strict local minimum of 
the Wang-Yau quasi-local energy ofL^ for sufficiently large r. 
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Proof. Let K he a. compact set such that M\K carries an admissible 
coordinate chart. Let ^ be a background Euchdean metric on M \ i^. 
Let Hr and Hr be the mean curvature of S,. in {M\K, g) and {M\K, g) 
respectively. By (2.13) in [9], one has 

(4.3) Hr = Hr + 0{r-^-^). 

By Proposition 3.2 and Theorem 4 in [9], for each sufficiently large r, 
there exists a number tq G M such that 

(4.4) C^V < ro < Cr, 

(4.5) Hr = - + 0{r-'-n, 

(4.6) \H,^ - -\ < Cr^'-\ 

ro 

and 

(4.7) Kr = \ + 0(r-2-), \^K\ = Oir~^'^). 

ro 

Here C is a constant independent on r, Kj. is the Gaussian curvature of 
7r, where 7^ is the induced metric on from g, and Hq^ is the mean 
curvature of (Er,7j.) when it is isometrically embedded in M.^. 

Let ar = r^'^'jr- It follows from (14. 4p . (14. 7p and the proof of Theorem 
3 in |9] (in particular (3.1) in [9]) that, for each large r, there is a 
conformal map from (§^,cro) to (£^,0",,.) such that 

(4.8) ||$;(a,) - dol |c2,«(§2) = 0(r-^). 

Here ao is the standard metric on 

Let H{r) be the mean curvature of in (M, r^j'^gf) and Hoir) be the 
mean curvature of (E^, cTj.) when it is isometrically embedded in M? . It 
follows from (gj]) - dUD that 

(4.9) HQ{r)-H{r) = 0{r~^). 

On the other hand, by Theorem 5 in [9j, the Brown- York mass of Ej. 
in (M, g) satisfies 

(4.10) lim / {Ho,. - Hr)dv^^ = 8nm{g) 

where m{g) > is the ADM mass of (M,g). This together with (14.41) 
implies 3 i?o > such that 

(4.11) ^ {Ho{r) - H{r))dv^^ > C-'r-\m{g), V r > i?o. 
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Now choose 7 = cr^ and H = H{r) in Proposition 13.11 By f l4.8p 
and Lemma 12. 3^ the constant /3 in (13. ip and the lower bound A for the 
first nonzero eigenvalue can both be chosen to be independent on r. 
Moreover, the conditions (a) and (b) are satisfied for large r by (I4.9p . 
(14. lip and the fact t > | and vn{g) > 0. Therefore, by Proposition 13. H 
we conclude that 3 R> and (3 > such that 

(4.12) F^^,H(r){v) >P I i^vfdv^^, V r/ e W''\K), ^ r > R. 

Theorem 14.11 now follows from (14. 4p . (14.121) . and Theorem II. 3 [ □ 

5. Small geodesic spheres 

Let (M, g) be an arbitrary Riemannian 3-manifold of nonnegative 
scalar curvature. Let p G M be any given point. For small r > 0, 
let Sr be the geodesic sphere of radius r centered at p. Let 7^ be the 
induced metric on 5*,. and H{r) be the mean curvature of 5*,. in {M,g). 
Let Hf){r) be the mean curvature of {Sr,'yr) when it is isometrically 
embedded in M^. By [4, Theorem 3.1], the Brown- York mass of Sr in 
(M, g) satisfies 

(5.1) 'l^^^ ^ 

= {^Rip) + [24|Ric(p)r - l3R{pf + 12AR{p)] + O(r^) 

where R and Ric denote the scalar curvature and the Ricci curvature of 
{M,g) respectively, and A is the Laplacian on {M,g). It follows from 
(15.11) that the condition 



(5.2) 



limr-5 / {Ho{r) - H{r))dv^^ > 



is equivalent to the union of the following three conditions 

(i) R{p) > 

(ii) R{p) = and |Ric(p)p > 

(iii) rIp) = |Ric(j9)| = and AR{p) > 0. 

Note that if R{p) = 0, then AR{p) > by the assumption R> 0. 

Theorem 5.1. Under the above notations, if the condition (15. 2p holds, 
then (11.50 is true on Sr for small r. Precisely, we have 

(a) // (i) or (iii) holds, then 3 constants tq > and C > such 
that, \f r]e W^'^{Sr) andW r < tq. 



H 



{Ho-H)\Vr]\'-IIo{Vv,Vv) 



dvr > Cr {Arffdvr- 

J Sr 
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(b) // (ii) holds, then 3 constants ro > and C > such that, V 
T] e W'^''^{Sr) and V r < tq, 

f ^ _ ^^|^^|2 _ no(Vr/, Vr/) c/t;, > Cr^ j {ArifdVr. 

Proof of Theorem \5.lY a). Let {zj} be a geodesic normal coordinate 
chart centered at p. For small r, 5*^ = {\z\ = r}. The metric g satisfies 

(5.3) gij = 6ij + hij 

where hij is a smooth function near with hij{0) = and dhij{0) = 0. 
For each fixed r > 0, define a new coordinate chart {xi} near p by 

= r~^Zi. Let §^ be the unit coordinate sphere in the x-space. We 
identify Sr with through the map z x. Let 0".^ = r~^7r be the 
induced metric on from (M, r~^(y') and if(r) be the mean curvature 
of §2 in {M,r-^g). Let i/o(^) be the mean curvature of the isometric 
embedding of (S^, ar) in M^. 

By (15. 3p and the results in [^(Lemma 3.4 and Theorem 3.1), we have 

(5.4) \\ar - cro||c3(s2,ao) = C'(r^), 

(5.5) H{r) = 2 - '^Rij{p)x'x^ + 0{r^), 

(5.6) Ho{r) = 2 + Qi?(p) - ^i?,,(p)x*x^') + 0{r^), 



(5.7) 



1 



57r 



(ifo(r) - H{r))dv,^ 



4 

r 



+ [24|Ric(p)r - 13i?(p)2 + 12Ai?(p)] + O 



Here (Tq is the standard metric on and Rij{p) = Ric(^, -^){p). 
If R{p) > 0, it follows from (EH]) - (ET]) that 

(5.8) |i7o(r) -if(r)| =0(r2) 



and 
(5.9) 



/ (Hoir) - H{r))dv^^ > ^7ri?(p) 



for small r. Take 7 = 0"^. and H = H{r) in Proposition 13.11 By (15. 4p 
and Lemma 12. 3[ the constant /3 in (13.11) and the lower bound A for the 
first nonzero eigenvalue can both be chosen to be independent on r. 
Moreover, the conditions (a) and (b) are satisfied for small r by (15.81) 
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and (15. 9p . Therefore, Proposition 13.11 implies there exist ro > and 
(3 > such that if r < ro, then 



2,2/ 



(5.10) F^^^Hir)iv) >P[ i^V^dv^^, \/7]eW 

If R{p) = |Ric(p)| = and AR{p) > 0, it follows from - f lSTj) 
that 

(5.11) \Ho{r) - H{r)\ = 0{r^) 
and 



AR{p) 4 
-r 



(5.12) jjH,{r)-H{r))dv.^> 

for small r. Again, Lemma 12.31 and Proposition 13.11 can be applied to 
show that (15.101) holds for some /3 and tq. 

Theorem 15.1( a) now follows (I5.10p . □ 

The case R{p) =0 and |Ric(p)| > is more subtle because in this 
case \Ho{r) - H{r)\ = 0{r^) while J^, {Ho{r) - H{r)) dv^^ = 0{r^). 
The sufficient conditions in Section [3] do not apply in this situation. 

To prepare for the proof of Theorem 15.1( b). we choose {zi} to be 
a geodesic normal coordinate chart centered at p such that the Ricci 
curvature of g is diagonalized by {^} at p, i.e. 

(I;' I;) ^^) = ^-^^ 

where {Aj} are the eigenvalues of Ric(p). Then {Aj} satisfy 

(5.13) Ai + As + As = R{p) = 
and 

3 

(5.14) ^A,2 = |Ric(p)p>0. 

1=1 

Let {xi}, Or-, c"o; Hif)-, Hq^t) bc defined as in the proof of Theorem 
15.1( a). For convenience, we record (15. 4p - (15.70 in the current setting: 

(5.15) I IcTr - o-Q I Ic3(§2) = O(r^) 

2 3 

(5.16) H{r) = 2-^-J2>^r^l + Oir') 

i=i 

(5.17) Ho{r) = 2 - — ^ \xl + 0{r^) 

i=l 
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vrr 

Is" 



i=l 



(5.18) [ {Ho{r)-H{r))dv^^ 
Given any constant b, define 

3 

(5.19) H^b){r) = H{r) + br^J2^ 



2 5^ A? + AR{p) 



O(r^). 



1=1 



It follows from (EH]), fl5J[5l) . (Km and fl5:i9ll that 
(5.20) 



JS2 



1 / 1 ARjp) 
30 V 60|Ric(p)|2 



i=l 



We are in a position to state the main result in the remaining part 
of this paper — a classification theorem on the positivity of F^^^Hi^^^ir), 
from which Theorem 15.1( b) will follow as a corollary. 

Theorem 5.2. Under the above notations, 
(i) if the constant 



1 AR{p) 



< 



60|Ric(p)|V 90' 

then there exist constants > and C > such that for any 
< r < vq, 



Here Ar denotes the Laplacian of the metric (Jr- 
(ii) if the constant 

1 AR{p) 



60 |Ric(p)|2 y ^ 90' 

then there exists a constant ri > such that for any < r < ri, 
there exists a function rjr G W^^'^{E>'^) such that 

Proof of Theorem \5 . lY b) . Let 6 = 0, the result follows from Theorem 
fi). □ 



The main ingredient in the proof of Theorem 15.21 is the following 
result on (S^, do). 
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Proposition 5.1. Let ctq be the standard metric on = = 1} C 
M^. Given any three constants Ai,A2,A3 satisfying 



^X, = and ^ A,^ > 0, 



i=l 



i=l 



define = Yl'i=i ^i^l- Consider the functional 



G(„.„)=4.(±-S)|:A? + i^^ 

■(Aor/i)(Aor/2) , 



r]l(j)^dVao 



(Vo77i, Vo?72) 



dv, 



O"0 



+ 



|Vor?2|' dii 



O"0 



where b is a constant, Aq and Vq are the Laplacian and the gradient 
on (S^,cro); andr]i,r]2 G W^'^iEi^) satisfy 

• rji = Yl^=i '^i^i fof^ some vector a = (ai, 02, 03) with |a| = 1 

• V2 is (Jq-L'^ orthogonal to £(cro), the space spanned by {1, xi, X2, X3}. 

Then 

(i) ifb < ^, G{r]i,r]2) > for any r]i and r]2. 

(ii) ifh>^, given any rji, 3 an rj2 such that G{rji,rj2) < 0. 



Proof. Using the assumption Yl^i=i -^j = and 
in Lemma 17.21 in the Appendix that 

2 



1, it is computed 



rjltp^dv, 



CO 



E 



,i=l 



167r 



3 X 35 



2 

t ' 'i 



2 X 3 X 35 



For simphcity, we write 
(5.21) A = 167r 

Next we define 



(5.22) 5 
and claim 







3 X 35 
(Aor/i)(Aor/2) 



2 X 3 X 35 



4 



- (Vor/i, Vo?72) 
5 = 10 / (pvimdvao- 



dVn 
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To see this, we note the following facts about (p and rji. 

(5.23) Ao0 = -60 

where we used Yl^=i -^j — 0' ^'^'^ 

(Vo0, Vor/i) ={W(P-{V^,X)X,Vvi - (Vr7i,X)X) 
= (V0,Vr/i)-(V0,X)(Vr/i,X) 



=2 ^ Aiaja;i - 20r7i 



where V denotes the gradient on and X = {xi,X2,X3). Now 
■(Aor/i)(Aor72) 



(Vo77i, Vor?2) 



(if, 



§2 



--0?7iAo?72 + (Vor?i, Vo(0772)) - V2{'^oVi, Vo<; 



§2 



=10 



-^Ao(0'7i)'72 - <l)V2^oVi - Vo<; 



[A(j)r]ir]2 + 207727]! - 2r]2{Wor]i, Vo0)] rf^o 



dvn 



To proceed, we let r2 be the orthogonal projection of 772 to the 
eigenspace of the second nonzero eigenvalue of (S^, do) and let = 
V2-T2- Then 



(5.24) 



§2 



> 



^ (Ao^2)^ 

^(AoT2)^ 

(Aor2)'dt;, 



|Vor/2|' dv. 



|Vor2p)rf..„ + ^^ (^-iVorsP 



CO 



12 



(Aor3)2dt;, 



CO 



where we have used the assumption that rj2 is orthogonal to /^(ctq). 
Lemma [23I and the fact that the second and third nonzero eigenvalues 
of (§^, (To) are 6 and 12 respectively. 

Note that T2 is the restriction to of a homogeneous polynomial 
of degree two, hence 07^1X2 is the restriction to of a homogeneous 
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polynomial of degree five which implies / (f)i]iT2dVa-f^ = 0. Therefore 

/§2 



(5.25) B = 10 (Pr^mdv^,. 

Now it follows from f lCT]) . and (jESS]) that 



(5.26) 



V 30 7^*2 

^ ^ i=l 



2 X 10 



§2 



Next, we make use of the fact that is orthogonal to Ei, the 
subspace spanned by {xi,X2,X2,}. Therefore 



iTsdv^^ 



{4>Vi - O'^sdv, 



where ^ is the orthogonal projection of (prji to Ei. This implies 



\B\ = 10 



(pTJiT^dv, 



o-f) 



To compute / ^'^dv^^^, we have 



/ (f>T]iXidVcro = / {Xixl + X2XI + Xsxl){aixl + a2XiX2 + asXiXs)dVa 

is2 i§2 



aixl{Xixl + A2X2 + A3X3)(ifo 



-Ana, f^ + h + h 
V 5 15 15 

SvraiAi 



15 

r ; 
Similarly, for i = 2, 3, / Xirji(j)dVaQ = - 

i§2 

and 

(0^71 - O^c^^^o = ^ 



■ Hence, 4 = 5 l^^^^ aiXiXi 
IGtt 



75 



(In particular, this shows 0i?7i — 7^ by fl5.2ip .) Therefore 

1 

3 

\2 



(5.27) 



i=l 



(Aor3)'dt; 



§2 
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By (15:261) and I K27\\ . we conclude that 

(5.28) G(r7i, r]2) > {a - 2/3t + ^t^) + \ f {A^r^fdv, 



where 



' ^ 12' 



a 



vso y ^ * 2 ' 



/3 

Direct calculation shows 
(5.29) 



6 



25 
36 



75 



5 

12 



/27r 
V 15 



4-6) A? + 



72 

35 
^72 

47r 
^27 



i=l 



i=l 



i=l 



167r 



3 X 35 



2 X 3 X 35 

3 



27 * * 18 » ^ 3 



5 ^■ 



A 



i=l 2=1 i=l i=l 

3 



i=l 

1 5^ 
54 ~ 3 



^ j=i 



i=l 
3 



2=1 



A + 



i=l 



Therefore, if 6 < — , by (15.28!) and (I5.29p we have 
90 

G,,..„)>f^^4.(l-S)|:A?>0 
which proves (i). 

To prove (ii), we claim that the function (prji — ^ above is indeed 
an eigenfunction of the third nonzero eigenvalue 12. To verify this, we 
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compute 

Ao(0r7i) = (Ao0)r7i + 4>{AoVi) + 2(Vo0, Vr^i) 



-6)07/1 + (-2)07/1 + 2 

3 

-12)0771 + 4^ a^A 



2 ^ OjAjXi - 207^1 



i=l 



4=1 



Therefore, 



Ao(0^?i - = (-12)0771 + 4 ^ a^AiXi + ^ XI 



Xi 



1=1 



i=l 



;-i2) (0771-0 



Now we fix an a (hence 771 is fixed), and let 7/2 = /c(07/i — where ^ 
is the defined above and k is an arbitrary constant. Then 



130 y ^ 2 

i 



20A; / (0771 - O^dv, 



= a-2(3t + -ff 
where a, /3 and 7 are defined as same as before and 



t = 12\ A 



Suppose 6 > ^, it follows from fl5.29p that the above quadratic form 
of t has two distinctive roots. In particular, if k is chosen such that 



7 



then 



(5.30) G(77i,A;(077i-O) 



0:7 — 
7 



^ ' 1=1 



This completes the proof. □ 
We are now ready to prove Theorem 15. 2[ We first prove part (i) : 
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Proof. Suppose (i) of Theorem (15.21) is not true, then there exist two 
sequences of positive numbers {r^}, {e^} and a sequence of functions 
{r^(k)} c W^'^S^) such that 

rk -^0, Cfe -> 0, 

(5.31) F^^^,H,,,ir,){v^'^) < e,rt [ {/^rd'^fdv.^^ 
and 

(5.32) / r^^^)dv„^=Q. 

J§2 

In the following, we denote A^^., a^j. by A^, cr^ respectively. We also 
let Vfc denote the gradient on (S^,crfc). 

On S^, recall that {xj} are the restriction of the standard coordinate 
functions in M^. Hence Xq = {xi,X2,X3) is an isometric embedding of 
(§^,cro). By fl5.15p and the result of Nirenberg (page 353 in ^), for 
each large k, there exists an isometric embedding 

X, = (xf^xf^xf):(§^afc)-^M3 

satisfying 

(5.33) - Xi\\c^,'^{s^,ao) = 0{rl), Vi = 1,2,3. 

Here, given an integer m, we use the notation O(r^) to denote some 
quantity ip satisfying < Cr^ for a constant C independent on k. 
Given such an X^, we let u^'' be the unit outward normal vector to 
Xfe(S2) and llf^ be the second fundamental form of ^^(S^) in M?. It 
follows from (15.331) that 

(5.34) ||z/J'^-Xo|bo,.(s2,.o) = 0(r2) 
and 

(5.35) llllf -ao||co..(s2,.o) = 0(r^). 

As before, we let £(cro) and C{ak) be the subspaces of ly^'^(S^) which 
are spanned by {1, xi, X2, xs} and {1 3 } respectively. For 

each fc, we decompose r^'-^^ = rj['' + 'r]^\ where 

3 

(fc) (fc) , (fc) (fe) ^ ^, X 

i=l 
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and ini^2^ is o"fc-L^ orthogonal to C{ak)- Let a^^^ 
(5.36) 
where 
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(k) (fc) (A:)n rpl 

, a-j J. ihen 



(5.37) 



(go(rfc)-g(,)(rfc))- 
H(h){rk) 



■dv, 



(5.38) 

and 
(5.39) 



(Afcr^f))(Afer^^- 
Ho{rk)H(^b){rk) 



+ I (iJo(rfc)-i/(5)(rfc)) 

JS2 



(fc)|2 



i^o('^A:)-f^(fe)('^A:) 

By Lemma EJl Lemma [231 (l5TT5|) - flSTTI) and fl5?T9D . we have 



(5.40) 



(5.41) 



< C,rl [ / (A.ryf ))^rfr;, 



Here Ci and /3 are some positive constant independent on k. 
We normahze rj^^'' such that 



(5.42) 
Recall 
(5.43) 



{fc)|2 



dVa,^ = 1. 



,(fc)|2 
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Thus (15321) and (ICTjl . together with Lemma [231 (EISl) and ( KT7\f . 
imply that there is a constant C2 independent on k such that 

(5.44) |a(^')|<C2. 

It follows from fl57[5|) - flSTTj) . fl5A9|) . flOOj) . flOSj) . flOTjl and flCTj) 

that 

(5.45) |F.„H,,,(.,)(r]f^)|<C^3r^ 

for some positive constants C3 independent on k. By (I5.3ip . fl5.36p . 
dMH), fl5^ and f lS^iSj) . we then have 

[/3 + 0{rl)] [ {A,4'^ydv^, < 2e,rt + + 2C,rl 
lim / (A^r/f )2^^^^. = 0, 



which shows 



and consequently 



lim / {A^rif'^fdv,^ = 1 



by (15.421) . Therefore, for large A;, by (15.431) we have 



(5.46) 



for some positive constant C4 independent on k. 

Now we renormalize •r]^^'^ such that \a^^'^\ = 1. By (15.421) and (15.461) . 



(5.47) 



for some positive constant C5 independent of k. Define 

(fc) 
. V2 

C,k — 

It follows from f lET^ - ([517]), ([SIHD, f[^ . f [OT]) . f [^ - f[OD and 
([5:36]) - ([QTj) that 



(5.4J 



where 



> 47r 



5^0 / ^ 



30 

2 



+ - A- + O(rfc) 



+ 2rfc^Q<xfe,H(,){r,)(r/f \6) + i^<xfe,H,{fc)(6) 
1 (A,i?)(p) 



6 = 6 
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and 



A, 



, j=i 



(k) 



IGtt 



3 X 35 



XiX^j dv, 



2 

i ' 'i 



2 X 3 X 35 



(see the definition of A in Proposition 15. ip . Moreover, by f l5.40p and 
f l5.4ip . we liave 



(5.49) 

and 
(5.50) 



{ik)>[l^ + 0{rl)\ I {Ak^kfdva^. 

J§2 



It follows from (15.471) - (15.501) tliat there exists a positive constant Cg 
independent on k such that 



(5.51) 



J§2 



On the other hand, we still have C,k = ^k'^vi''^ ^ £^{cik)- Hence 



(5.52) 

and 
(5.53) 



ikdva^ = 



ikxf^dv^^ =0, V z = 1, 2, 3. 



By Lemma [2.41 (15.151) . (I5.5ip . (15.521) and the L^-estimates, we know 



(5.54) 



lie 



fc||VK2.2(§2,o-fc) 



for some positive constant Cy independent on k. This combined with 
(I5.15P in turn shows 



(5.55) 



||efc||vK2,2(§2^0.g) < Cs 



for some positive constant Cs independent on k. Therefore, there exists 
some ^ G ly^'^(S^) such that, passing to a subsequence, {^k} converges 
to ^ weakly in Vr^'^(S^, ctq) and strongly in 1^-'^'^(S^, (Tq). Furthermore, 
it follows from (ISTTSj) . (fE^, (1532|) and (15331) that ^ G £((To). 
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We will take limit in (ICTj) . By (IBTTBD - (KIT} . (ICTD . ( I533ll . ( 1535|1 . 
(1331]) and (13755]) . we have 



(5.56) 



H(b){rk) 
(Ao^)' 



dv„, + 0{rl) 



|Vo6 



dvao + O(r^). 



Since {^k} converges to ^ strongly in iy^'^(S^, ao) and {Ao^^fc} converges 
to Aq.^ weakly in L^(S^,o-o), (15.561) implies 



(5.57) liminf F^,,H(,)(fc)(6) > / 



(Aoeo 



- iVo^P 



dVn 



To take the limit of '^Qak,H(^t)(rk)iVi \ ^k)-, we can assume that {a^'^^ 
converges to some a = (01,02,03) G §^ because la^^^^l = 1. By fl5.16p 
f lSTTj) and f l539|) . we have i^o('"fc) - ^(fe)('^fe) = -^^^0 + 0(r|), where 



AjX^. Similar to f l5.56p . we now have 



i=l 



(5.5^ 



(A,r/f))(A,6 



(Aor/f))(Ao6 



+ (Vor7f\Vo6) 



dv^o + 0{rk) 



Ao(Eli«f^.))(^oe 



+ (Vo X^af^a;, LVo^fc) 



(Vo(0Ao(Eli«f^a;,,)),Voefc) 



0(Vo X^af^x, ,Voefe) 



.1=1 







(Ao (Eli«.^0)(^oO 



+ (Vo X^fliO^i ,VoO 



as /c — > cxD 



since {a*^'^^} converges to a and {^k} converges to ^ strongly in iy^'^(S^, ctq). 
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Combining (ElZD - (EM]) and (15371) - ( 15381) . we conclude that 
(5.59) 



> 47r 



(^0 (ELi«i2;i))(Ao6 



+ 



(Ao^o)' 



4 

ivo^r 



+ (Vo J] aiXi , VoO 



dVn 



dVn 



Since 



1, ^ e £(cro), and & < ^ 



this leads to a contradiction with (i) of Proposition 15.11 Therefore, (i) 
of Theorem 15.21 is proved. □ 

Next, we prove (ii) of Theorem 15.21 
1 (A,i?)(p) 



Proof. Let b = b- 



. Then 6 > ^. By (ii) of Proposition Ell 



60 |Ric(p)|2 ■ 

given any a = (01,02,03) with \a\ = 1, there exists an 772 G 1^^'^(§^) 
such that ?72 is cq-L'^ orthogonal to £(cro) and 



(5.60) 



"(Aor7i)(Aor72) , 



- 2 



+ 



(Vor?i, Vo772) 



AAor72)^ 



- iVor^al' dv^, < 0. 



Here r^i = XlLi ^^^^ <^ = Yli=i ^i^l- 
Let Xq = (xi,X2,X3). For each small r, let 

JCj. = (x[ ^^2^X3^) : S ^ 
be an isometric embedding of (§^,0",.) satisfying 



(r) 



O(r'), Vi = 1,2,3. 



(5.61) ' - a;i||c2.«(s2_^g) 

Let Vq "^ be the unit outward normal vector to Xf.(§^) and IIq^'' be the 
second fundamental form of Xr(S^) in . It follows from (I5.6ip that 



(5.62) 



ir) 



-^o||co."(s2,<To) = O(r^) 
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and 

(5.63) ||nf^-ao||co,.(s2,.o) = 0(r2). 

With a and 772 fixed, we define 



(r) 



E(r) 1 (r) 2 

aiX- and rj^ ' = rjl + r ri2 



(r) _ Jr) , 2 



i=l 



for each small r. Then 



(5.64) 



(r) 



We compare each term in fl5.64p with the corresponding term in fl5.60p . 
First, 



(5.65) 



+ ' ° ^ ^^(.)(r) 



where we have used (l57[5il - (l5Tfl) . (EH - (IKIMj) and (15:621) . 

Next, let and V,. be the Laplacian and the gradient on (§^, cr^) 
respectively. Then 



(5.66) 

(ifo(r)-i/(.)(r)) 



(A,r^f))(A,,r^2) 



— r 



(-0r2 + O(r3)) 

^Aor7iAo?72 



(Aor/i)(Aor/2) + 0(r2 



4 + 0(r2) 
(Vo?7i, Vo??2) 



+ (Vor/i,Vor/2) +0(r2 



(1 + 0(r2)rft;, 



where we have used (15151) - (ISTTTj) . (1519|) and (l53T|) . 
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Finally, 



\r,H(b){r){'n2) 

Hnir) 



l4")(V,r/2,V,r/2) 



(5.67) 



{A0V2? + 0(r2) 



{Army 



2 + 0(r2 



+ \'^rV2\l 



dVn 



- |Vor?2h 



where we have used fl5J[5D - flSTTj) . f lCT]) and f l5:63|l . 
It follows from fl5X4|) - (15:671) that 

F^^,H,,,ir){v'-'^^)=r'G{vi,V2)+0ir'). 

Since G{rji,rj2) < 0, we conclude that there exists small ri > such 
that -F(T^,_f/(i,)(r)(^*-'^'') < for any < r < ri. This completes the proof 
of (ii) of Theorem 15.21 □ 

6. Examples 

We end this paper by giving examples of positive functions H on 
(S^, ctq) such that 

(a) j^,{2-H)dv,^>Q 

(b) FfjQ^Hiji) < for some rj. 



\H 



|cfe(S2,o-o) 



< e for any given e > and k >2. 



Such a function H can be taken as one of Hi{r) in the following. 

Theorem 6.1. Let ctq be the standard metric on S^. Let Ai,A2,A3 
be three constants satisfying Yl^=i -^1 = and X]i*=i -^i > 0- Define a 
2-parameter family of functions {Hi{r)} on §^ by 

where b E (^j ^] ond r G (0, f]. i/ere r > is any fixed constant such 
that Hi{r) is everywhere positive. (For instance, f can be chosen such 
that 2 - \M - Ell Af > 0.; 

Then 

(i) /g,[2 - Hi{r)]dv^, > 0, V 6 G ^) and V r G (0,r~]. 
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ii) 3 C > independent on b such that F„g^H^(^r){v) < fof' some rj 



d o > u maepenaeni on o sucn mai -rao,Hi(r){V) ^ u jc 
whenever b G -^j and < r < C — 6) J2^=i -^i 

Proof. Since Y^^=i -^i = O5 ZlLi -^j^ > ^'^'^ ^ < M' ^^^^ 



30' 

3 



[2 - i/5(r)]rfT;.„ = 47rr^ (^1 _ 6^ |j A? > 
which proves (i). 

Since 6 > ^, by fl5.30p we know for any a = (oi, 02, 03) with \a\ = 1, 
there exists an 772 G ly^'^(S^) such that is Cq-L"^ orthogonal to C{(Tq) 



G(„.„) = 4,(l-5)x:A? + iX',?^^ 

' (Aor/i)(Aor/2) 



'(it; 



O"0 



(6.1) 



+ 



(Vor?i, Vo?72) 



(if, 



O"0 



where r/i = Yfi=i o-i^i and = Y.i=i ^i^l- 

With such Tji and 772 fixed, for each small r, define 



r]^ — Tji + r r]2. 



Similar to the proof of (ii) of Theorem \5.2\ we have 
(6.2) 

where 



(6.3) 



-F<7o,/f5(r)('7l) 

/ [2 - if5(r)]rf..„ + / 



■(if, 



TO 
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■(Aor7i)(Aor72) 
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(6.4) 



and 



[2 - H,{r)] 



(Vo?7i, Vor?2) 



dv. 



Ao?7iAo?72 



(Vor?i, Vo?72) 



dVn 



(6.5) 



+ / [2 - H,{r)] 



(Aor/2)' 



+ |Vor/2| 



- |Vor/2h 



+0(r'). 



Here it is important to note that 0{r'^) denotes a quantity / that 
satisfies |/| < Cr^ for some constant C independent on 6 G ^). 
It follows from (El]) - (ES]) that 



F^^,H,ir){v'^'-^) = r'G{vuV2) + 0{r') 



(6.6) 



for some constant C > independent on b. Therefore, 
whenever < r < CAn [b - ^) ^J^^ A^. This proves (ii) 



□ 



7. Appendix 

Lemma 7.1. Let (Tq be the standard metric on §^ = = 1} in 
Then 



(7.1) 



§2 



2k 7 _ /■ 2 2 T _ 4:71 _ 



4 2^ _ f 2 2 2 j _ 47r 



35' ^ " " 3 X 35 



34 Pengzi Miao and Luen-Fai Tarn 

Proof. The first integral follows directly from integration using polar 
coordinates. To verify the second and the third integral, one has 



/ 



\ I xl{l-xl)dv^^ 

47r 
15 



and 



4 2 1 /" 4 2 2 

X^X2dV0-Q =— / X^(^X2 + X2;)dV(^Q 



S2 2 J§2 



4 / xt{l-xl)dvo 



^<T0 

_47r 

using the first integral. To check the fourth integral, one notes that 
47r 



3 



x-^dVfjQ 



So 



-- I xl{xl + xl+xlfdVaa 
JS2 

/ 2/4 4 4 22 22 22\j 

JS2 

=^^(7+^+ 3^+^+1) +^^/?^^^»*" 



2 2 2 - ■ ' 1 11 \ StT 



□ 



Lemma 7.2. Le^ cxo be the standard metric on = {\x\ = 1} m M^. 
Let oi, a2, a2 &e ^/iree constants satisfying ^^^^ c^? = 1 «'^<^ Ai, A2, A3 6e 
^/iree constants satisfying X^j^^ Aj = 0. T/ien 



3 X 35 2 X 3 X 35 
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Proof. Let A = J ^^^^aiXij [^^^Kxij dvao- By Lemma 17. ![ 
= / a;M > A^xf + 2XiX2x1xl + 2AiA3X^X3 + 2A2A3X2X3 ) dv^ 

/A? An A3 2A1A2 2A1A3 2A2A3 

47r — + — + — H \ H 

7 35 35 35 35 3 x 35 



An 
IGtt 



167r 

35 



A? _2A| I 
7 35 ^ 35 
Ai ^ A2A3 
35 ^ 3 X 35 
Xj A^ - A2 - A3 



/ ^ , \0 4A2 A3 

+ — A2 + A3^ — 

"^^^ ^' 3 X 35 



2 X 3 X 35 



where one uses the fact 2A2A3 = (A2 + A3)^ — A2 — A3 = A^ — A^ — A3 
Similarly, 

A| _ A| - A^ - A2 
35 



On the other hand 



using the fact Yl'^=i '^^ = '^^^ concludes 



2 X 3 X 35 
0-0 — for V 2 7^ j. Hence, 



A 



IQtt 

IGvr 
"35" 



IGtt 



E «?A? + ^ ( - E + aliXl + XI) + aliXl + A?) + a^(A? + A^) 



i=l 
3 



«=1 
3 



A? 



1=1 



2Eli«?Af^ Ell A? 



3 X 35 



2 X 3 X 35 



□ 
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